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Abstract 

Distributional sources of matter on codimension-two and higher branes are 
only well-defined as regularized objects. Nevertheless, intuition from effective 
field theory suggests that the low-energy physics on such branes should be 
independent of any high-energy regularization scheme. In this paper, we 
address this issue in the context of a scalar field model where matter fields 
(the standard model) living on such a brane interact with bulk fields (gravity). 
The low-energy effective theory is shown to be consistent and independent 
of the regularization scheme, provided the brane couplings are renormalized 
appropriately at the classical level. We perform explicit computations of the 
classical renormalization group flows at tree and one-loop level, demonstrate 
that the theory is renormalizable against codimension-two divergences, and 
extend the analysis to several physical applications such as electrodynamics 
and brane localized kinetic terms. 
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1 Motivations 



Over the past ten years, large (supersymmetric) extra dimensions have been sub- 
ject to an increased attention, providing a simple framework for new cosmological 
ideas. Motivated by scenarios such as the Randall-Sundrum model [1], physics in 
the presence of one extra dimension has been extensively analyzed and represents 
an interesting framework in which effects from the higher dimension can be under- 
stood. Nevertheless, just as the dynamics of domain walls in a four-dimensional 
spacetime is in many ways very different to that of a cosmic string or point par- 
ticle, the behavior of gravity near codimension-one branes is not representative of 
that around higher codimensional objects. Models with two large extra dimen- 
sions, on the other hand, are capable of tracking some of the more interesting 
features of higher codimension objects, without introducing complications associ- 
ated with higher-co dimension branes. Six-dimensional (super)gravity is therefore 
a choice framework for the study of higher-dimensional effects, and presents re- 
markable features of its own. Solutions of six-dimensional gravity, have been found 
in refs. [21 [3], cosmological solutions in [1], and the stability of these models has 
been studied in [5l[6]. In six-dimensional supergravity, for instance, not only would 
the Hierarchy problem be resolved if these dimensions had a submillimeter size [7], 
but if supersymmetry remained unbroken in the bulk at energies much lower that 
on the brane, the Casimir energy could also be of the same order of magnitude 
as the observed four-dimensional cosmological constant, [8]. Another property of 
codimension-two objects relevant to the cosmological constant problem is their 
capacity of preserving a flat Minkowski induced geometry in the presence of any 
tension, P HOl El [E] ■ 

Codimension-two branes in the context of six-dimensional (super)gravity can 
therefore provide potential resolutions of two of the most embarrassing problems 
of current particle physics and cosmology, namely the Hierarchy and cosmologi- 
cal constant problems in scenarios where the Weinberg's argument has different 
imports, [15]. Nevertheless, these models are faced with one great obstacle, the 
necessity of regularizing the brane before any question can be addressed, |16| . 
Distributional sources of matter on codimension-two and higher branes are indeed 
only well-defined as regularized objects, and one can therefore wonder whether any 
regularization-independent statement can even be made. From a field theory per- 
spective, one expects the low-energy theory on such a brane to be independent of 
any high-energy regularization scheme, yet as of today, no regularization-invariant 
scheme has been proposed to study the effective theory on such branes. The only 
known work in this direction has been developed by Goldberger and Wise in 2001 
(see ref. |17j). where it is pointed out that a field living on a six-dimensional flat 
spacetime will typically present a pathological behavior if coupling terms were to 
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be introduced on a codimension-two surface. This pathology can however be re- 
moved by appropriate renormaUzation of the couphng constants. In this paper, we 
propose a direct extension to ref. [T7], where we analyze couplings between bulk 
fields, free to live in the entire six dimensions, and brane fields, which are confined 
to codimension-two branes. The couplings between the two fields induce patholo- 
gies for both fields which can be absorbed by appropriate renormaUzation. Similar 
ideas have been proposed as being useful for understanding black hole physics [18] . 
post-newtonian corrections [19] and brane localized kinetic terms |20j . 

In what follows, we first review in section [2] the problems arising when dealing 
with distributional sources on codimension-two branes, the regularization schemes 
that have been proposed in the literature as well as different sources of confusion 
which we clarify. We then explain the philosophy of our approach and discuss 
the main consequences. Our strategy is applied in section [3l where a scalar field 
toy-model is considered. In particular, we analyze couplings between a bulk and 
a brane scalar field and discuss the renormalization procedure using two different 
techniques. The first one makes use of a conical cap to regularize the brane, while 
the other removes the divergences directly in the propagators. Both methods 
give rise to the same Renormalization Group (RG) flows. This analysis is then 
extended to all possible relevant and marginal couplings in section HI where the 
three and four-point functions are computed as well as the loop diagrams. Using 
these couplings, we also demonstrate that the theory is renormalizable. The second 
part of this paper is then dedicated to the physical implications. In section [U we 
show how the same prescription remains valid when considering the more physical 
example of interactions between gravity and electromagnetism and finally explores 
the implications for localized kinetic terms on the brane which are relevant for 
models such as the Dvali-Gabadadze-Porrati (DGP) in section [H We show how to 
make sense of kinetic couplings on the brane and deduce that only fixed functions of 
the kinetic terms are allowed by the renormalization procedure. After concluding in 
section [71 we consider all possible local counterterms in appendix lAl and argue that 
no such counterterms can simultaneously absorb the bulk field divergences both in 
the bulk and on the brane, in complete agreement with our procedure. Using the 
RG flows obtained for the brane couplings, we finish in appendix [B] by computing 
the arbitrary A^-point function at all order in loops, and prove that it remains 
finite in the thin-brane limit, hence justifying that the theory is renormalizable 
against codimension-two divergences. 
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2 Understanding Gravity on Codimension-two branes 



2.1 Distributional sources 

In 1987, Geroch &; Traschen showed that strings and point particles do not belong 
to the class of metrics whose curvatures are well defined as distributions, |16j . In 
their analysis, they considered a string in (3 + l)-dimensions to be regularized as 
a cylinder of radius e carrying energy density p. The profile of the gravitational 
potential U is obtained by solving Poisson's equation V^C/ = —p, where p vanishes 
outside the cylinder. Although well-defined when the cylinder has a finite width 
e, it turns out that the gravitational potential U is not locally integrable in the 
thin-brane limit e — > and so strings (and point particles) are not permitted as 
sources in (3 + l)-dimensions, unless they are pure tension strings. Issues arising 
from smoothing out codimension-two branes are also discussed in |21| . 

Despite the amount of attention branes have recently received, mainly moti- 
vated by string theory, the situation is unfortunately no different for those objects 
whose intrinsic codimension is equal or greater to two. From the string theory 
point of view, progress in these areas has mainly been achieved by neglecting the 
backreaction of such objects, treating them as test particles, the so-called probe- 
brane approximation. Prom a cosmological point view, however, such a procedure 
would miss some of their most important features and is hence not always sat- 
isfying. Instead, much effort has been invested in specific regularizations of the 
theory, such as models arising from Abelian-Higgs theory, [22], thick brane regu- 
larizations, [23], capped branes, [6l[24], intersecting branes, [25], codimension-two 
branes confined on codimension-one objects [26], etc... 

In all of these examples, if the extra dimensions are compact or if an Einstein- 
Hilbert term is confined on the brane, one recovers four-dimensional gravity for 
the zero mode. However a logarithmic divergence appears in the first Kaluza-Klein 
mode as soon as the regularization mechanism is removed (or the thin-brane limit 
is taken). Understanding the significance of this divergence and the consequences 
for an observer on the brane represents the main objective of this paper. 

2.2 Philosophy 

Bulk fields away from a defect should be insensitive to the regularization procedure, 
but evaluating them on the defect itself requires knowledge of the internal structure 
of the defect. The philosophy of this paper is therefore to accept the presence of 
divergences in the thin-brane limit for bulk fields when evaluated on a codimension- 
two defect but to ensure that these divergences do not propagate into matter fields 
confined on the defect. We will show the validity of an effective field theory for 
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such fields and present how observables on the brane remain finite after appropriate 
renormahzation of the couphng constants. 



Origin of the problem 

Following the analysis of Goldberger and Wise [T7], the brane-to-brane Feynman 
propagator for a massless scalar field living in six-dimensional flat space-time with 
a conical singularity of deficit angle 27r(l — q) at r = is given by 

^ / N dqq i i , A 



where k is the four-dimensional momentum along the brane direction, (see eq. (I20p 
for more details.) The brane-brane propagator is therefore divergent in the thin- 
brane limit for which the cutoff A is sent to infinity (or for large physical scale.) In 
real space, on the other hand, the free propagator is finite outside the coincidence 
limit, and the presence of the logarithmic divergence in four-dimensional momen- 
tum space is merely a consequence to the fact that the gravitational potential 
of six-dimensional gravity behaves as in real space. More precisely, one can 
express the free brane-to-brane bulk propagator in real space as 



D{0,x;0,x') 



(27r)3 Jq 27rQ k"^ + q"^ 
dqq e"''!^-'''! 1 1 



27rQ 47r|x — x'l Svr^a |x — x'P ' 



(2) 



where x and x' represent directions tangent to the codimension-two brane and 
the two-point function is evaluated at r = along the normal direction. When 
the integral over the brane momentum k is performed before that over the bulk 
momentum g, the two-point function is finite everywhere. Nevertheless, as soon 
as a source is considered at r = 0, the logarithmic behavior of the brane-brane 
two-point function in momentum space becomes relevant. This will be seen more 
concretely in what follows. 



General sources of confusion 

We present here two general sources of confusion that usually appear when dis- 
covering these logarithmic divergences: 

• The first one is related to the nature of the divergence, and the order of 
magnitude at which it arises. Any codimension-two object arises from an 
underlying theory {e.g. Abelian-Higgs field theory, string theory or any other 



6 



underlying theory) which will naturally provide a regularization mechanism 
for the brane. We could hence argue that the notion of thin-brane limit is not 
physical and one should not be concerned about any thin-brane divergences. 
Yet, such a argument would be going against the principles of Effective Field 
Theory (EFT). Even though the brane is expected to be regularized at some 
scale {e.g. the string scale), we expect from EFT that the low-energy physics 
is independent of the high-energy regularization mechanism. In other words, 
one should not need to understand the physics at string scale in order to 
understand and make predictions about the low-energy physics. 

• Faced with this realization, one can hope that introducing brane localized 
counterterms should remove the logarithmic divergence present in ([1]) with- 
out effecting the bulk propagator. Unfortunately such an approach is too 
naive in this context, since brane-localized counterterms will not only affect 
the brane-brane propagator Z)fc(0,0) but also the brane-bulk Dfc(r, 0) and 
bulk-bulk propagators Dk{r, r') which were previously finite. Any attempt to 
absorb the logarithmic divergence of the brane-brane propagator into brane 
localized counterterms will then automatically result in the introduction of 
further divergences. This argument is made more explicit in appendix [Al 
where we consider the most general set of local counterterms (that remain 
quadratic in the scalar field) both in the bulk and on the brane, and show 
explicitly that no such counterterms will allow the propagator to be finite 
everywhere. In the philosophy we will follow, we will thus not attempt to 
make the bulk field propagator finite everywhere but will rather explore the 
consequences for observers on the brane. 

Strategy 

In a conical space-time, the propagator diverges at the tip of the cone. The aim 
of this paper is to explore the consequences for a scalar field living on the tip and 
coupled to a bulk field. We expect physically that 

1. Bulk fields evaluated away from the brane should not depend on the regu- 
larization mechanism and thus be finite in the thin-brane limit. 

2. Bulk fields evaluated on the brane itself are sensitive to the regularization 
procedure, since the position at which they are evaluated, i.e. the position 
of the brane, is dependent of the regularization. Therefore we do not require 
bulk fields evaluated on the brane (at r = 0) to be finite in the thin-brane 
limit. 
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3. Brane fields, should have a well defined low-energy theory independent of 
the brane regularization. As long as the energy scales probed by an observer 
on the brane are much lower than that of the cutoff theory, the physics we 
will observe should be independent of the regularization, and hence finite in 
the thin-brane limit. 

In this paper, we will follow this philosophy carefully. The case of bulk fields with 
brane couplings was considered in [T7]. We here extend this analysis to matter 
fields confined to the brane and draw conclusions for brane observers. 



3 Scalar Field Toy-model 

In this section we compute the propagator for scalar fields confined to a codimension- 
two brane and coupled with a bulk scalar field. 

We work in a six-dimensional flat space-time with a conical singularity located 
at r = 0: 

ds^ = r/^^dx^dx^ + dr^ + r^d^^ (3) 

with < ^ < 27ra, and where 27r(l — a) is the deficit angle (a < 1). A three- 
dimensional brane is located at the tip of the cone and represents the coordinates 
along the brane direction. We use the notation a = 0, • • • ,5; /i = 0, • • • ,3; 
y = {0,r) and x" = {x^,y). 

This scalar field toy-model represents a good framework for the study of effec- 
tive theories on codimension-two branes. The theory is composed of two coupled 
scalar fields, namely 

• The scalar field (p which symbolizes the bulk fields (gravity, dilaton, gauge 
field...) and thus lives in six dimensions, 

• The brane field x which symbolizes the matter fields living on the brane 
(standard model) and thus confined to a four-dimensional space-time. 



The action for this system can thus be taken to be of the form 



d^x(lidacl>f+5\y) 



(4) 



where for simplicity we have assumed the field (j) to be massless in the bulk, but 
further extensions will be considered in section HI The coupling between the bulk 
and brane fields is symbolized by the term \x4> (which can be set to zero). Higher 
interactions will be considered in section HI 
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To make contact with previous works in the Uterature, we first consider a spe- 
cific thick-brane regularization mechanism, and show how the couphng constants 
can be renormaUzed in order for the theory to remain finite in the thin-brane limit. 
We then explore the renormalization mechanism in a more systematic way by ana- 
lyzing the different classical two-point functions before turning to interactions and 
one-loop corrections in the following section. We point out that both methods will 
give rise to the same tree- level renomalized couplings. 

3.1 Thick-brane regularization 

As a warm up, we follow a standard technique used in the literature to confine 
matter fields on a codimension-two brane, namely a thick-brane regularization in 
which the brane is no longer located at r = 0, but rather at r = e. The thin-brane 




Figure 1: Thick brane regularization 



limit is then recovered when e — > 0. The action ([4]) is regularized by 



J d^xdedrr(^^{dr^f + ^{d. 



(5) 



5{r - e) 
2rTra 



m 



where for simplicity we omit for now any angular dependance. This leads to the 
following equations of motions: 



-dr(r(t)'(r)) + k'^^ 
r 



1 



27rar 



(Ax + X24>) S{r - e) 



(6) 
(7) 
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k'^ being the eigenvalue of the four-dimensional d'Alembertian □ = ■q^'^d^di,. 

Integrating the first equation along the brane gives rise to the following jump 
condition: 

=-^(Ax + A2./'). (8) 

One can solve for the bulk scalar field separately in the conical cap (for < 
r < e) and within the bulk (r > e). We choose the solution within the cap such 
that the scalar field remains finite at the tip r = 0. This leads to the following 
solutions 

AlQ{kr) for r < e , , 

Io{kr) + BKo{kr) for r > e ' 

where / and K are the two modified Bessel functions, or hyperbolic Bessel func- 
tions, and /q remains finite as r — > 0. For r < e, we have set the coefficient of 
the divergent Bessel function K to zero, so that 0(r) remains finite as r ^ 0. 
For r > e, on the other hand, no such choice has been made and this solution is 
therefore independent of any other boundary conditions. These results will thus 
stand independently to any condition imposed on the fields away from the brane. 

The constants A and B are determined using the boundary condition ([7]) and 
the jump condition ([8]). In the thin-brane limit, this leads to 

A = 2^a(/c^ + m^) 

27rQ(P + m2)-(A2-A2(fe2 + m2))(r + log^)' ^ ' 

5 ^ -A2 + A2(fc2 + m2) 

27ra(fe2 + m2)-(A2-A2(A:2 + m2))(r + logf)' ^ ' 

where P is the Euler number, F ~ 0.57. 

For the bulk scalar field to be well-defined in the thin-brane limit, we require 
B to remain finite when probing large physical scales ke — > 0. This will only 
be possible if the logarithmic divergence is reabsorbed into one of the coupling 
constants A, A2 or m. Furthermore the scalar field x should also be well-defined in 
that limit. This will thus be the case if both the following quantities remain finite 

B/x = X-^{k' + m^) (12) 
= -\{e+m^) + ^{X'-X,{k' + m^))(r + log^y (13) 

The logarithmic divergence can thus be absorbed into the coupling constants by 
arguing that their renormalized expression is related to their bare value by 



^2b , Afe 1 2 2 , A^ 

r , A = r and m = rrii, + — 

1-^logpe l_^logpe A2 
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where the subscript b represents the bare value, and p is the physical scale. We 
therefore get the following renormalization group flows for the brane couplings 

dAs Ai dA AA2 , d?n2 A^ ^ ^ 

p— — = , p— = and p— — = . (15) 

dp 2'Ka dp lira ap 2iia 

Notice that we recover the same flow as ref. jl7j for the coupling A2 which gives 
rise to a mass term for the bulk field on the brane. The renormalization of this 
coupling ensures that the bulk field to be finite away from the tip. However we 
wish to emphasize that this procedure does not get rid of the divergence of (f) as 
r — > 0. The point of the renormalization is to make sense of the bulk field away 
from the tip, however at the tip itself the bulk field diverges logarithmically as 
explained in section [2] which is consistent with our philosophy. The key point here 
is that one can still make sense of the brane field x {x finite) despite its coupling 
with (j). In other words, at low-energy, matter fields living on a codimension-two 
brane are independent of the regularization procedure, even though they couple 
to gravity and other bulk fields which are themselves ill-defined in the brane in 
the thin-brane limit. This is possible through adequate renormalization of the 
couplings. 

The renormalization for the coupling A2 is already known from ref. [17]. We 
show here how the renormalization is extended to the couplings for brane fields. 
In particular, we see that as soon as A 7^ 0, the brane field acquires a mass. 

In this setup, we have used an artificial thick brane regularization. More 
fundamentally, we expect this defect to arise as the result of other fields {e.g. 
Abelian-Higgs scalar and gauge field <I>,A^), providing a natural regularization. 
The fundamental theory is thus of the form 

V = j V[^V[A^]V[cp\D[xy^'°'^'^''^^'^'^^ . (16) 

The resulting field theory ^ is obtained by integrating out the regularizing fields 
$ and A^. In this picture, we therefore expect that field loop integrations generate 
the same tree- level counterterms as those obtained in (jl4p . 

In what follows, we shall recover the same results using a Green's function 
approach, this uses the same technique as in [17]. We will also discuss other 
interaction terms and show how the same renormalization procedures goes through, 
leading to a renormalizable theory. 

3.2 EFT approach and tree-level renormalization 

In this section we adopt a more field theoretic approach and require that the 
bulk-bulk propagator of the bulk field remains finite as well as the brane field 
propagator. We will proceed in three steps: 
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i) We consider first of all the purely free theory for which the bulk and brane 
fields do not couple and all couplings vanish A2 = A = 0. In particular we 
recover the logarithmic divergence of the bulk field propagator when eval- 
uated on the brane, but this divergence is only present in four-dimensional 
momentum space. 

ii) We then consider the corrections to the bulk field propagators arising from 
the mass term A2 on the brane. This situation is precisely that considered in 
|17| . and we will follow the same approach. In particular, we will show how 
this brane coupling induces divergences in the bulk which can be removed by 
appropriate renormalization of the coupling A2, hence recovering the same 
result as in ([E 



iii) We finally consider the corrections to both the bulk and brane field propa- 
gators induced by the coupling A between the two fields. Once again, these 
couplings will induce divergences which can be removed by renormalization 
of A and m^, as in (1141). 



i) Free propagators 
We concentrate first of all on the purely free theory given by the action 



S 



m 



-X 



The propagators for both fields satisfy 

1 



d,{rdr) + -di + rU^ 
r 



Dix'',x'^) = id^^^x" - x'") 



x" - x'n 



(17) 

(18) 
(19) 



where D is the Feynman propagator for (j) and H the one for x- Using a mixed- 
representation, i.e. momentum space along the directions x^ and real space along 
the two extra dimensions, the propagators for both fields are simply 



Dkir,e;r',e' 



Hk 



■ E 

n=~oo 

i 



~ dqq i 
Q 27ra k"^ + q"^ 



5 



'^'^''''^J\n\{qr)Jln\{qr') (20) 

(21) 



where J„ the Bessel function of first kind, n = n/a, and k'^ = rj^^'^k^^k^ the four- 
dimensional momentum. 
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Notice that in this representation, i.e. in four-dimensional momentum space, 
the free propagator for (p is finite when at least one of the points is evaluated in 
the bulk (i.e. Dk{r, r') and Dk{r, 0) finite) but it contains a logarithmic singularity 
when trying to evaluate both points on the brane. Introducing a momentum cutoff 
scale A in the evaluation of the propagator, one has 

which has the short distance singularity pointed out in [T7]. This divergence is 
usually not a problem since the two-point function is actually finite in real space, 
(see section [2]). However, as soon as a source is included at r = 0, the convolution 
of this two-point function will not be finite in real space. We therefore expect 
this divergence to affect the two-point function of both scalar fields when brane 
couplings are included. 



ii) Corrections from the brane mass term A2 
The previous two-point functions were that of the free theory for which the both 
fields were not coupled. We can now "dress" these propagators with first of all the 
coupling A2: 



S = -J d^xdOdr r Q(5a</.)2 + 5\y) 



(23) 



Di.ir, r') 



r r' f r' 



r r' ^ r r' ^ 
A2 A2 A2 



Figure 2: Corrections to the bulk field two-point function arising from the brane 
mass term A2. The blue dashed lines represent the free bulk field propagator 
Dkir,r') while the dotted line is that corrected for the mass term i.e. Dk{r,r'). 

The propagator for the brane field x remains unaffected while that for the bulk 
field (p gets modified to 

Dk{r, r') = Dk{r, r') - iX2Dk{r, 0)Dk{0, r') + i^XlD^iO, 0)Dfc(r, 0)1)^(0, /) + ••• 

= ^fc(^,0-T— TT%7^I?fc(r,0)A.(0,r'), (24) 
1 + 1X2 L>k{0,0) 

as symbolized in Fig. [2j If Dk{0,0) was finite, this bulk field propagator would be 
finite at tree level as one should expect from usual field theory. In the presented 
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r' r r' r 
■■• + • • + 



A A A A 



+ 



A A 



Figure 3: Coupling corrections to the two-point functions. The blue dotted lines 
represent the propagator for the bulk field Dk{r,r'), while the red plain lines are 
the propagator for the brane field x- Hk. Lines carrying a circle represent the 
"dressed" propagators G'^^{r^r') (top diagram) and G^^ (bottom) and take into 
account the tree-level corrections arising from the coupling A between the bulk and 
the brane field. 

case, the logarithmic divergence of 1)^(0,0) needs to be absorbed in the coupling 
constant A2 in the following way: 

^ ^ 2-Ka ^"-"fe n 

SO that this coupling constant flows as 

^ dA2(^) ^ Ai(^) ^ 
d/i 2TTa 

We point out that this renormalization ensures the two-point function Dj^{r,r') 
to be finite away from the brane. However, both the bulk-brane and the brane- 
brane two point functions remain ill-defined: Both Dfc(r, 0) and -0^(0,0) contains 
a logarithmic dependence. Once again, this is to be expected since evaluating the 
bulk two-point function on the brane requires knowledge about the exact brane 
position (see section 

iii) Corrections from the coupling between the two fields 
Finally, we consider the corrections to these propagators arising from the coupling 
A between the bulk and brane fields: 



S = - I d^xdddr r [ ]^{da(t>? + 5''{y) 



.(27) 



The tree level Green's functions for this coupled theory are symbolically repre- 
sented in Fig. [3l 
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By summing these diagrams, we obtain the following tree-level Green's func- 
tions 

Gt^{r,r') = D,{r,r')-\'Dk{r,0)Dk{0,r')HkY,i-^''rDkiO,OrH]: 



n>0 



Hkil + iX2DkiO,0)) 
l + {iX2 + Xmk)Dk{0,0) ■ 



(29) 



Notice that there is now also a mixed two-point function for the bulk and brane 
fields: 



G'^^(r)-(6(r) y) - i>^HkDk{r,0) 

[r)-{cp[r),x}- i + (.a^ + A^i^,) D,(0, 0) ' ^^"^ 



Here again, if Dfc(0,0) was finite, both Green's functions would be finite at 
the tree level as one expects in usual field theory. In the presented case, the 
logarithmic divergence of -Dfc(0, 0) needs to be absorbed in the coupling constants. 
These propagators will thus remain finite in the thin brane limit (for r, r' > 0) , 
provided the coupling constants are renormalized as follows: 

A2(A) . , , A(A) 

A2(A)log^ 

ifM) = (A) — ^ , (32) 

^ ' 2™ + A2(A)logA ' ^ ' 

leading to the following RG flows 

dA2(/i) Xliii) dA(/.) X2{|^)X{^l) dm\ii) X\,x) 

^ — = , /i — = and ^ = . [66) 

d/i 2'Ka dfi 2'Ka dfi lira 

We therefore recover precisely the same relations between the bare and renormal- 
ized coupling constants as in the thick brane analysis (jl4p and the same RG flows 
psp . This is a non-trivial check of our prescription. 

Notice that Gf'^(r,0), ^^"^(0,0) and ^^^(0) are still divergent in the four- 
momentum representation, but the two-point function of the brane fleld G^^ has 
been made completely finite, and so are Gff'{r,r') and Gf.^{r), for r, r' ^ 0. 
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In summary, we find that by renormalizing the tree-level theory, the propaga- 
tors of the field on the branes are finite, and the propagator in the bulk are only 
divergent when one point is evaluated on the brane (and in the coincident limit). 
Thus there is a consistent effective field theory on the brane and matter can be 
considered on a codimension-two brane in a completely meaningful regularization- 
invariant way. This will have important implications for observers on such a brane. 
Before attacking this argument, let us consider in what follows all possible relevant 
and marginal interactions between a bulk and a brane field. 



4 Renormalization of the relevant and marginal oper- 
ators 

We consider here an extension of the precedent toy-model where further couplings 
are taken into account. The effective field theory approach will remain completely 
consistent after the appropriate tree-level renormalization of the couplings. We 
also expect UV divergences to be present in loop corrections, but these can be 
dealt with through the usual UV renormalization mechanism. 

In order to avoid issues related to the UV divergences, (which are independent 
of the fact that we consider a codimension-two brane), we restrict ourselves to the 
relevant and marginal operators. The most general brane interactions are then 

S = -J d^x [i iO^f + 1^ (i (dxf + + Ax0 + + ] , (34) 

with 

W;^0 = /33X' + /34X' + A3<^x', (35) 

where the coupling (3^ is relevant while /?4 and A3 are marginal. 

For each diagram in this theory, we expect two sorts of divergences to arise: 

• The ones associated with the usual UV divergences which appear in four 
dimensions when integrating over loops, 

• The short-distance divergences associated with the thin-brane limit. 

From standard four-dimensional EFT, it is a well-known fact that the interactions 
of the type P^x'^ will induce UV divergences in the one-loop correction of both 
the two-point function and the four-point functions. These divergences can be 
absorbed by renormalization of the mass m?, the coupling as well as the wave- 
function. However, such divergences can be treated in a completely independent 
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{XXX) = — •— = 6/^3 — + 2A3 I -^ -^ + perm. 



= ••••• •lir = 6/^3 r + 2A3 ••••■C +2A3l-»— <f +perm. 



•□C^ = 6/^3 ^ + 2A3 ••••■<J^ 



Figure 4: Three-point functions. The blue dotted hues represent the propagator 
for the bulk field (p, while the red plane lines are the propagator for the brane field 
X- 

way to that arising at the tree-level in our codimension-two scenario. Interactions 
of the form X2,4>x^, for instance will typically induce divergences in the thin-brane 
limit which can be absorbed by appropriate renormalization of the coupling (5zX^ , 
this will be studied in the three-point functions in what follows. 

4.1 Three-point functions 

The diagrams involved in the three-point functions are summarized in Fig. HI 
Summing these diagrams, we get, for Y^i=i ~ ^1 

^k^lo.k; = iXkiXkiXks) 



(-^) ^PsGlfGl^Gl^ + 2 5; A3 Gifml^Gll,^ (36) 



i=l 



G^Sa.fcs^^) = i'l'kiir)Xk2Xks) 

= H) (6/33Gff (r)G«G^f + 2A3Gtf (r, 0)G^^^G« 

+2A3Gtf (r) (Gt^(O)G^^ + Gt^{0)Gl^) ^ , (37) 

where the factor (— i) arises from the first order expansion of e ^■^'^ ^^x</>. Notice 
that after appropriate renormalization of A, m and A2, the propagators G^^ and 
G'^{r) have been made finite, however the bulk quantities evaluated on the brane 
Gf'^(O) and Gf^r,0) are a priori ill-defined. Once again, this divergence would 
propagate into the three-point function for the brane field, had we not renormalized 
the couplings (3^, and A3. Upon simplification of the previous expression, we find 
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that the divergent part of {xxx) is proportional to 

so that the couphng 13^ should be renormalized as 

iA3(A)A(A) 
^^^^^-l + ^A,(A)I),(0,0)^^(°'°) 

A3(/i)A(/i) ^ 
= ^^(^)- 2vra + A.Mlog^ ^°gp ^^^^ 

for any /c, and where we recall that the coupling A has been renormalized in such a 
way that i+a,(A^j)^.(o^o) is finite (see eqs. pi|32p.) The divergent part of {(l){r)xx) 
is then proportional to 

This divergence will thus be absorbed if the coupling A3 is renormalized as 
and so 

ft(A)=ftM + , y,^';'f> . log A. (40) 

27ra + A2(A)log^ ^ 

Notice that this renormalization of A3 is precisely the one that ensures the renor- 
malized coupling /33 in eq. (j40p to be independent of the four-momentum k. After 

renormalization, the quantity ( /53 — iAA3Z)fc(0, 0) I is therefore finite 



/ia^(/33-iAA35fe(0,0)) =0 (41) 

which corresponds to the following fiows for (3^ and A3 

^dAsOi) ^ A2(m)A3(a^) ^<^Mjj) ^ A(/z)A3(^) 

dfi 27ra dfi 27ra 

Once again, this tree-level renormalization leads to a perfectly well-defined notion 
of the three-point functions G^^^ and G'^-^-^{r), as long as r is not evaluated on 
the brane and we work outside the coincidence limit. 
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Furthermore, this renormalization of these couphng constants and A3 also 
ensures that the two additional three-point functions {<p{ri)(j){r2)x) ^-iid {(j){ri)(j){r2)(j){r3)) 
are finite (for rj > 0). Indeed, we have, for Ylf=i — 0) 

GttM,kS'^i.'r2) = {(t)kAn)(f)k2{r2)Xk^) 

+ 2A3 (Cff (ri)<(r2,0) + (1 - 2)) G«) 

iA(A)Z)fc3(0,0) A A3(A) \ 



h(0.0) ^!A(A)ffi,(A) 



= -2.Gg n (^.) 3A(.) - A.(,) J_ log ^ 

J. A3(/^) DkSruO) ] 

which, in terms of the renormalized coupling constants, is clearly finite. The last 
three-point function can be expressed in a similar way: 



G'fci,fc2,fc3(^i''^2,r3) = (0fci(ri)(/'fc2(r2)0fc3(r3)) 



-I 



\i=\ 
/ 3 



\i=\ / i=l 



^ A3M Z^fc,(r,,0) 
^2(m) i„„ /J r"^x/ 



and is therefore also completely finite. This result is already non-trivial as it 
stands, since all four three-point functions have been made finite by simple tree- 
level renormalization of the two coupling constants /33 and A3. We can however 
push this analysis even a step further by studying the implications for the four- 
point functions as well as the loop corrections to the two-point functions. 

4.2 Four-point functions 

The classical contributions to the four-point function (x^) are symbolically repre- 
sented in Fig. m 
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+4Ai( )...<( ^ 



+ 4 



Figure 5: Classical contributions to the four-point functions. The second term 
on the bottom line is finite, but the third diagram involves a divergent piece 
proportional to A|Z)fc(0, 0) which needs to be absorbed into the coupling P4. 



Summing these diagrams, we get for Yli=i ~ 0, 

^k^^^,k3,k3 ~ {XkiXk2Xk3Xk4) 



\i=l / 

•«t>x 



(-i)4!/34 + E 2(6'/?|G^„^ + 2.12/33A3<^(0) (43) 



perm^ 



+ 4AiGt(0, 0) + 4AiGe(0) ^ ^ 

i=\ i=l 



kj 

qXX 

hi 



where we recall again that the factor (— i) and (— i)^/2! arise from the expansion to 
first order (resp. second order) of e"*-^*^ ^^x</>. The sum over perm^ is the one over 
the three permutations u = {(1234), (1324) , (1423)}, for which = k^^ + ku2 = 
{ki + k2, ki + ks, ki + k^}. 

We now recall that the product of the two three-point functions {XkiXk2Xku) {Xk^Xk^ 
is finite (after appropriate renormalization of the couplings /^a and A3 in (1391) ) and 
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is given by 



\i=l 



4 r"l'Xi 



qXX 



6/?3 + 2A3 



J=U3,U4,,U 



4 r^4>x 



i=l 



Gtf{0)Gtf{0) .Gtl{^)Gtl{^) 



qXX qXX 



l = U\.U2 J=US,U4, 



+ 4A 



GV 



, Gf" 



\i=l 



As shown symbolically in Fig. O after appropriate recombination of these differ- 
ent contributions, we can reexpress this four-point function as a finite product of 
these two renormalized three-point function plus a divergent piece which fixes the 
renormalization of the coupling f]^: 



qxxxx 

ki,k2,k:i,k4. 



perm^ I. ku 



Gr(0,0) 



<"(0)<"(0) 

QXX 



\i=l 



\i=l 



E I QXX + 

perm^ I. ku 



4! 



4H)^A^Z)fcJO,0) + H)-/34 



UGf] • (44) 



All terms in the previous expressions are finite apart from the ones in square 
brackets. The divergence of this term can once again be absorbed into /?4 using 
the following appropriate renormalization 



/34(A) --A2(A)5fc(0,0) = /34(A) 



= /34(/i)- 

i.e. the renormalized coupling P4 must flow as 

A|M, 
Ana 



Ai(A) 








47rQ 


1 + 


^2 (A) W 


'A 


Ai(/^) 








Aira 


1 + 







(45) 



(46) 
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In other words, as soon as cubic interactions between the bulk and the brane field 
are introduced, a quartic interaction for the brane field is spontaneously generated 
classically. This is familiar for standard EFT. 

We can also carefully check using exactly the same technique as previously that 
this renormalization of the coupling ^4 also ensures that all remaining four-point 
functions {(px^)^ (0^X^)i ((^^) are completely finite classically (provided 

the bulk field is evaluated away from the brane). 



r«t'xxx („\ 



EJ _}_Q<t>XX t^\QXXX 



A^Dfc„(0,0)+2i/34 



G 



<l><f>xx 

^1,^2,^3,^4 



rxx ^ki_MM+k2^^'^> 



\i=2 

XXX 

k3,k4,ki+k2 



+ 7^xx — ^tiMM+ks'^'^^'^^'kiMM+ks^^'^^ + (3^4) 



'<t>XX 



r<xx 

^kj_+k3 



+4 



Ai^fc,+fc3(0,0) +2Z/34 +(3^4) 



u=l 



u=3 



G'fcf,t2,fc3,fc4(^i'^2,r3) 



perm^ 

-4 



G'r,t2,fc3,fc4(^i'^2,r3,r4) 



perm^ 
-4 



\i=l 



Each of these four-point functions introduces a combination of the couplings which 
is completely finite once they have been renormalized as specified previously (i.e. 
A| + l)fe(0,0) + 2iP4 is finite). This non-trivial check ensures that our proposal 
makes sense at least at the classical level up to the four-point function. Before 
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discussion the general renormalizability of this theory for higher point functions, 
we present in what follows an insight into the situation at the quantum level, i.e. 
when loops are taken into account. 



4.3 Loops 

At the loop level, we expect from standard field theory in four dimensions, that 
UV divergences will arise from the momentum integral over the loop. However 
no further divergences arise from the codimension-two nature of the theory, and 
the counterterms required to absorb the divergences are thus the usual one of 
four-dimensional field theory. 

To start with, we concentrate on the two-point function of the brane field 
At first order in loops, (second order for /^a and A3) one has 



1_ loop 



d^p 

(2vr) 



4 ^\oop{p^ k) G^^G^^ , 



(47) 



with the integrand 2ioop(p, k) being the sum over the different loop configurations: 

2 



{-If 



6/33 



2a3A [Dk + D^ + D, 



(48) 



2! 



Gl^Gf" (6/33 - 2zA3A [Dk + Dp + n 



+4A1 [Gf^Du-p + + G«^o + (-i)^/34G^^ 



4! 



where for simplicity we have used the notation Dj. = Dfc(0,0). This expression 
can be most easily interpreted as finite products of three-point functions and extra 
terms as symbolized in Fig. [6] 



-I (rXXX \2 1 

1 y^k,p,k-p) _ 1 

'2 ^^^^^^^(Gf )2 2 G^^G«(Gf )2 



r<xxx r'xxx 

^k,k,0^p,p,0 



(49) 



-2 
-2 



XlDp + 2i/J4 
2 



3 



'-'k-p 



G^^ 



To clarify the discussion, we denote by A, the cutoff scale associated with the 
codimension-two brane thickness, or equivalently with the integration over the 
momentum along the extra dimensions, while A designates the standard four- 
dimensional momentum cut-off scale, i.e. in (|49p the loop integration is cutoff 
at the scale A: J d^p ~ J^^^PP^- Clearly these two scales could be associated 
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1_ loop 



-i f I3.i 



+ 



+ 2.4 A2 



+ 



o 



+ 4AI 



Figure 6: One-loop corrections to the two-point function. On both hnes, the 
second diagram is finite, while the first and third diagrams contain logarithmic 
divergences that will not cancel each other. 



with one another, simply representing the scale at which UV physics becomes 
important. However for sake of simplicity, we distinguish for now between these 
two quantities and assume that in general they could be different. In this scenario, 
the couplings are then flowing along two distinct directions A and A, and we focus 
our attention on the flow along the A direction. 

On simple dimension grounds, we expect that the loop integral over p will 
diverge logarithmically, and the one-loop contribution to the two-point function 
has thus a cutoff dependence of the form log A which should be absorbed by 
introduction of a mass counterterm of the form dm"^ log A. This is standard 
procedure in four-dimensional field theory. 

We are however more concern here on the dependence of the other cutoff A. A3 
and /?3 have been renormalized in (j40p . such that the three-point function G^^^ 
is finite so the first line of ()49p is clearly finite. Although the rest of expres- 
sion (149 p includes divergent terms of the form Dk{0,0), the combination involved 
A|-Dfc + 2i/34 is precisely the combination that appeared in the expression of 
: bur-point function (jl^ H5|) . and is thus also finite. 

Notice furthermore that the one-loop correction to the two remaining two-point 
functions (0(r)x)i_ioop and {4>{r)(j){r')) i_ioop will be also be finite in the thin-brane 
limit (once the loop divergences associated with A have been taken care of), as 
shown explicitly for the four-point function. 

However a non-trivial feature emerges from the computation of the one-loop 
corrections. The expression ()49p involves terms of the form L'o(0, 0) which also 
diverges logarithmically, but this time this divergence is instead associated with 
a IR behaviour. In this toy-model, the origin of this IR divergence is related to 
the fact that the bulk field (p is massless, but would disappear as soon as a small 
mass was introduced. However, if the bulk field is to mimic the graviton, this 
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field should remain massless. Physically, such IR divergences can be removed in 
the same way as in quantum electrodynamics, see ref. |27j . 

4.4 Is the theory renormahzable? 

To complete this section, we argue that this scalar field toy-model is renormahz- 
able, provided that only relevant and marginal operators are considered. Since no 
coupling of the form PnX^ ^ ^ 5) is introduced, any further A^-point function 
will necessarily be composed of only reducible diagrams and will thus be expressible 
in terms of lower-dimensional n-point functions (n < 4.) Since we have shown that 
all of these n-point functions are finite at the classical level, any further A^-point 
function will thus automatically be finite, without any further counterterms. 

We make this argument more concrete by exploring the five-point function, and 
showing explicitly that it remains finite in the thin-brane limit if P4 is renormalized 
as in ()45p . A completely general argument for an arbitrary A^-point function can 
be found in appendix [Bl In particular we show that the same will remains true at 
the level of any A^-point function. The theory will thus be renormahzable, as one 
can expect from standard four-dimensional field theory intuition. 

The contributions to the five-point function are symbolized in FiglTl 



4.5! /3. 



+ 



i-i)^ 3!5! 
3! 'W 



Figure 7: Classical contributions to the five-point function. The second diagram 
is finite, while the first and third diagrams contains logarithmic divergences that 
compensate each other. This five-point function is therefore finite. 



Summing these diagrams, we obtain 



^ki,-M 



+ 



3! 23 
H)' 3!5! 



'-'ki+ki'^ki+ks 



(50) 



3! 23 



2^XiD,,^k2 + 4-5! /?4 ) n 



2! 



5!i 



f^XXX f^XXX 
'-^fcl,fc2,(fci+fc2)^fc3,(fci+fc2),(fc4+fc5) 

rixx r^XX 

'^ki+k2^kA+k5 



i=l 



i=l 



fiXXX 

^{k4,+k5),k4,k5 ' 
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where for simphcity we have used a specific momentum configuration, but the 
counting takes in account ah possible permutations. 

The first line of the pervious expression is trivially finite, while the second 
line is finite only if the terms proportional to /?4 and A3-Dfc(0,0) contribute with 
appropriate coefficients. As can be seen in the third line of this expression, the 
contribution from these terms is also finite as /34 is renormalized precisely so as to 
have X'^Dk + 2i/34 finite. The five-point function is therefore finite at the classical 
level and no counterterms ought to be added. This result will remain valid for 
any other five-point functions {i.e. including the ones with bulk external fields 
{4>{r)xXXX) J etc.), as well as for any higher iV-point function and their loop cor- 
rections, (see appendix [B]) . This represents a highly non-trivial check and leads 
to the conclusion that the theory is completely renormalizable against divergences 
associated with the codimension-two source. 



5 Electromagnetism on a codimension-two brane 

In this section, we consider the more physical scenario of a massless gauge field 
confined to the brane and coupled to gravity. This represents a more realistic 
framework to study the coupling between gravity and electromagnetism. We start 
with the following six-dimensional action 



(51) 



with F^y = d^Ay — dyA^. In what follows we work at linear order in perturbations 
around a fiat conical background: 

ds^ = gabdx^'dx^ = dr^ + r^d^^ ^ ^^^^ ^ j^^^^ dx^dx'^ , (52) 

where we work in de Bonder gauge, ^^j, = i^h^^u. Since the stress-energy for 
radiation is transverse, we will have /i'^^ = 0. The Einstein's equations impose 

(1 — k'^T^'^ 

Using results from the previous sections, we know that hfj^y will diverge logarith- 
mically when evaluated at r = 

V(0) = £^ (r + log y) {F,.F,^ - \F^r,,y) , (54) 
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where F is the Euler number and e — > represents the thin-brane hmit. This will 
affect the equation of motion for the photon: 

= d^F^'^ -d^{h''''F\-h''^'F\) = d, (55) 

where in the second line, all index raising is performed with respect to the back- 
ground flat metric 77"^. We remember that in the previous expression, hap repre- 
sents the induced value of the metric perturbation evaluated on the brane and thus 
diverges logarithmically in the thin-brane limit. If this was the end of the story, 
then photons would be very sensitive to the brane thickness e even at low-energy. 
However, we have learned from section [3l that as soon as a coupling A is introduced 
between brane and bulk fields, this spontaneously generates a mass term m? for 
the brane field at the classical level. The situation is no different here, and the 
logarithmic divergence of h on the brane will spontaneously generate F^ terms on 
the brane. More precisely, let us consider the Euler-Heisenberg brane action 



, (56) 



5{branc) = " / dx^^/^ \^/,.F>^'' + y {F.^F^^ + ^F,,F\Fp -F^^ 
so that the Maxwell's equations (j55p are modified to 

d^F'^'' - {h^-'F^ - h"^F\) - 71 (F^F^'^) - 725^ (f^F-^F^^^^ = 0. (57) 
Substituting the expression (j54p for the perturbed metric on the brane, we obtain 



duF'^" + 



r + log ^ ) + 72 ) 5^ (f^F^F''^) = . (58) 



2I -"ot) +72 j^.i F'^^F", 

The divergence of the graviton can thus be absorbed in the two couplings 71 and 
72: 

Ki^ jjj Ki^ jJj 

71 (^) = 71 (e) + ^ — log - and 72 (^) = 72 (e) - 7, — log - , (59) 
ovra e zvra e 



leading to the following RG flows 



1 . , . ^2 



/^5^7i(/^) = - ^ m5m72(/^) = ^ • (60) 

The generation of F^ terms on the brane at the classical level ensures that a photon 
confined to a codimension-two brane and interacting with a gravitational wave 
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will not evolve in a regularization-dependent way. In particular, this mechanisms 
ensures that at low-energy, there is a well defined thin-brane limit description of 
the codimension-two brane. Of course once, F"^ terms are introduced, they will in 
turn introduce divergences on the brane, which should be absorbed with higher 
order terms. The proper finite theory will hence include a infinite series. 



6 Localized Kinetic Terms 

As a last intriguing physical implication, we consider in this section the conse- 
quences for localized kinetic terms on the brane. Localized kinetic terms are of 
importance when considering brane-induced Einstein-Hilbert terms, where the ac- 
tion is typically of the form 

Mt^ r r /m2, \ 

S = — ^ J d^X^dRid) + J d^^V^ I + ^matter J • (61) 

The induced Einstein-Hilbert term i?(4) term is expected to be spontaneously gen- 
erated at the quantum level, and represents a natural mechanism to localize grav- 
ity on a four-dimensional surface when the extra dimensions are flat and infinite 
\14:\ [28] . Such models also represent a physical realization of the degravitation pro- 
cess (see ref. [I3]), since in such scenarios gravity becomes fully higher-dimensional 
at long wavelengths, hence providing a potential explanation for the observed value 
of the cosmological constant. Such models are also enriched with an additional 
interesting feature namely the possibility of having self-accelerating branches |29j 
(see refs. [30] for ghost-free realizations). 

Although such models are usually considered in the context of one large extra 
dimension, a simultaneous resolution of the Hierarchy problem usually requires at 
least two extra dimensions [7], and the degravitation observed in the presence of 
only one extra dimension is only marginal. Understanding this scenario in the 
presence of two extra dimensions is therefore an important next step. In what 
follows, we examine the consequences of such kinetic terms in a scalar field toy- 
model. 

We consider a massless scalar field (j) living in a six-dimensional flat space-time 
with induced kinetic terms on a codimension-two brane 



(62) 



where □ represents the four-dimensional d'Alembertian ID = d^d^. In order to 
recover on the brane the standard Klein-Gordon equation for the scalar field in 
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the infrared, (□ + m^) (j) = 0, we require that only positive powers of □ be present 
in /. In particular we write 

f{n) = Y,cn{fa)\ (63) 

n>0 

where i is an arbitrary length scale (we recall that in this six-dimensional for- 
malism, (j) has dimension mass squared and thus / ought to be dimensionless). 
In particular, cq represents the dimensionless coupling A2 that was considered in 
section [3l From that section, we know that the scalar field will be well-defined 
away from the brane only if the induced couplings on the brane (in this case the 
function /) are renormalized and flow as 

f^d,f{a) = ^f{D). (64) 

In terms of the coefficients c„, this implies 

1 " 

Hd^Cnill) = ^ Cn-u{^J■)Cu{^J■) ■ (65) 

u=Q 

This has important consequences for these kind of theories, in particular, we are 
not free to choose a brane induced function of the form /(□) = (m^ -!-□), as higher 
curvature terms will spontaneously be generated at the tree-level. As soon as a 
mass term cq and kinetic term ci are present, all the other couplings Cn will flow 
in a non-trivial way. The solution for the two first terms is of the form 

co(^) = 1%-^ (66) 

1- 2;F^^Colog// 

ci(/^) = -2 = Pcoii^)'^ , (67) 

(27rQ - colog;u) 

where (3 = ci/27racQ is a dimensionless parameter. 

As an example, one can choose a particular solution of (I65p . for which 

c„(//) = /3%(^)"+S (68) 

and so 

/(□) = r^4^ • (69) 

Notice that in this formalism, the function of the kinetic term is fixed by the 
renormalization conditions, and very few parameters can actually be tuned arbi- 
trarily. In this sense this represents a much more satisfying candidate for theories 
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of modified gravity than for instance f{R) gravities, (see ref. j31j for a review on 
such theories). As a natural extension, one should understand the cosmology for 
such a scenario and possibly the different signatures which could allow for the 
discrimination of codimension-two models. 

7 Conclusions 

We have analyzed the coupling between bulk fields living in a six-dimensional flat 
space-time and brane fields confined onto a four-dimensional surface. Due to these 
couplings, logarithmic divergences that arise when evaluating the bulk field on the 
brane generically propagate into the brane field. In this paper, we have presented 
a consistent renormalization mechanism at tree and one-loop level that removes 
any divergences simultaneously in the brane field and bulk field when the latter is 
evaluated away from the brane. We have also shown that any five-point function 
is finite at the classical level without the addition of any further counterterm, and 
demonstrated that this remains true for any A^-point function at any order in the 
loop expansion, thus proving the renormalizability of the theory. We also point 
out the presence of IR divergences in the loop diagrams which can be dealt with 
the same way as for quantum electrodynamics. 

The same principle can be applied to more complex theories such as electromag- 
netism in curved space-time, for which the same prescription remains completely 
valid. In particular we show that at tree-level, the coupling of electromagnetism 
to gravity generates a quartic term for the form field in the action, giving rise 
to a Euler-Heisenberg Lagrangian which is usually only generated via quantum 
corrections. 

As another physical application, we have also explored the consequences for 
localized kinetic terms which are relevant in scenarios such as the DGP model. In 
particular we show that as soon as a kinetic term are induced on the brane, one 
cannot prevent for the generation of an infinite series of higher order terms. This 
provides a natural modification of gravity on the brane which might have potential 
interesting signatures. 

To our knowledge, this prescription is the only one to date capable of making 
sense of sources on codimension-two branes in a regularization-independent way 
and providing a way to derive the low-energy effective theory on such objects in a 
regime where interactions with the bulk cannot be ignored. 

Since the main objective of this paper was the establishment of a consistent 
framework to study sources on codimension-two branes, implications for braneworld 
physics have only been superficially addressed. Armed with these new tools, exten- 
sions to more physical scenarios will however be of great importance. Understand- 
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ing the relevance of our results for electromagnetism and theories with induced 
gravity terms were beyond the scope of this paper but will present interesting 
extensions. More realistic interactions from the standard model would also be 
intriguing, and in particular consequences to the Higgs physics in six-dimensional 
scenarios, such as the SLED, [32] should be understood in more detail. 
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Appendix 

A Most general second order counterterms 

In what follows, we consider a free scalar field living on a flat six-dimensional 
spacetime with a conical singularity at r = 0. As shown in ([1]) and (j22p . the brane- 
brane propagator of this field diverges logarithmically in the thin-brane limit: 
Z)/c(0, 0) ^ log A/k as A — > oo. In order to make this quantity finite, one can try to 
include counterterms both in the bulk and the brane. Unlike in usual EFT, these 
counterterms are not added to make the interacting theory finite, but the classical 
free theory itself. We consider the following most general set of counterterms to 
renormalize the free theory (renormalization of the wave function and mass both 
in the bulk and brane) 



S = - jd^X (1 + Z^){da<l>? + ^M202 + 5(2) (y) j^Z2(5<A)2 + ^A2</)2) 



(70) 
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The propagator will now be instead 



Dt{ry)= E 

n=— oo 
+00 

E 



27rQ (1 + Zi(A))((?2 + fc2) + M2(A) J\n\il^^n\iqr') 



gm(6»-9') 

+ (r <-> r') 



(71) 



27ra(l + Zi) ' 

where n = n/a and /^^(A) = j^^^^- Because of the brane counterterms Z2 and 
A2, this is however not the complete two-point function. The two-point function is 
obtained by summing over all the interactions with the bulk coupling. This gives 
rise to following "dressed" propagators 



Gk{ry)=Dt{ry) - 
Gkir,0)=Dt{r,0) \l 
G,.(0,0)=D^(0,0) 1 



Z2(A)A;2 + A2(A) 



l + (Z2(A)fe2 + A2(A))Z)^(0,0) 

Z2(A)fc2+A2(A) 



1 + (Z2(A)A;2 + A2(A))I)^(0,0) 

Z2(A)fc2 + A2(A) 



Dt{r,0)Dt{0,r') 



l + (Z2(A)fc2 + A2(A))Z)^(0,0) 



A.. ..^.^(0,0) 



(72) 
(73) 
(74) 



Notice that in this approach, we no longer require the propagator D^{r,r') to 
be finite in the thin brane limit but require instead that the two-point function 
Gk between any two points (taken in the bulk or the conical tip) is finite i.e. 
Zi,Z2,M2 and A2 should flow in such a way that Gk{r,r'),Gk{r,0) and Gfc(0,0) 
are all finite. This implies that: 

• -D^(0, 0)/D^{r, 0) should be finite in the limit A — > cxd for any value of r, 

• and similarly the quantity [D^{r,r') - D^{r,0)D^{0,r')/ D^{0,0)] should 
be finite for any r and r' . 

It will therefore only be possible to make sense of the two-point function on 
the brane, if one can renormalize the wave function and the mass in such a way 
that the ratio D{^{0,0)/D{tir,0) is finite. From i^, we get 



27rQ(l + Zi{a))' 



(75) 
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and 



D^{0,0) = lim D^iA-\0) = ^ ^ . log . „ ^ . (76) 

A^oo 27ra(l + Zi(a)) y'k^ + fi^{A) 

It is therefore clear from these expressions that no matter how the wave function 
and the mass renormahzation flow, the quantity (Dj^(r, 0)/L'^(0, 0)) will never be 
finite in the thin brane limit: 

^^(0,0) logA-^log(fc^ + /.^(A)) 

— - = = > oo as A ^ oo, V u(A) . 77) 

No local counterterm (quadratic in the field) will thus ever make the two-point 
function finite everywhere both in the bulk and the brane. 



B General A^^-point function 

In this appendix, we demonstrate that the RG flows of the brane couplings m, (3^, 
Pa, a, A2, A3, ([^[H^HUl and HS]) is sufficient to make all A^-point Green's functions 
finite in the thin-brane limit at any order in the loop expansion, hence justifying 
the renormalizability of the theory. We focus, in what follows, on divergences 
associated with the codimension-two nature of the theory and do not discuss loop 
divergences which can be renormalized the standard way. 

To simplify, we present the argument for the A^-point Green's functions having 
only brane field external legs x- As seen in section (H the generalization to an 
arbitrary number of bulk field legs (p is straight forward. 

Defining the generating functional G[J] 

G[J] = l^ix, <t>] {0\e~'^^"^'^^\0) , (78) 



the AT-point Green's functions are expressed by 



G(^)(xi,... ,xn) 



6J{xi) ■ ■ ■ 6J{xn) 



(79) 

j=o 



Technically, we are only interested in the connected Green's functions which are 
generated by Gc[J] = — ilogG[J]. The connected A^-point Green's function can 
thus be expressed in terms of the lower ones as 
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where CIt = ( | is the binomial coefficient. 
m y m J 

We have previously demonstrated that all the connected tree-level Green's 
functions were finite for n < 5. In what follows, we show that this results 
remains true for any Green's function G^'^\ N > at any order in the loop 
expansion, thus ensuring that all the connected Green's is finite for any arbitrary 
number of external legs. 

The expression for the A^-point function is 

n „ 

X n / {P^x\y^) + fiix\yi) + yi)x\y^)) ) ■ 
1=1 

Omitting the evaluation points Xi and yi and remembering that every field is 
evaluated on the brane, we have 

n>0 

n m , .N„ 

E\ ^ \ ^ V /^rnz-^k nm—krin—m\k / ^ ,N—k+4n—m ik\ 

n>0m=0k=0 

among these diagrams, some of them can connect two bulk fields together, gener- 
ating a singular two-point function G'^'^(0, 0). There can be a such connections, 
(with < a < A;/2), so that 

n>0 m=0 fc=0 a=0 

We now consider the number of ways there is to connect the different fields together 
(we recall that for now we are interested in all the possible configurations, and do 
not restrict ourselves to the connected ones). For x fields {x^), there is 
Px = {x — l){x — 3) • • • 3 possible configurations if x is even, and no possible 
configurations if x is odd {{x) = 0). There is therefore P20 ways to connect the 2a 
bulk fields in ((^^°). To count the number of configurations in (•^^-'f^+4ri-m0fc-2a^^ 
we need to pick first of all the fields x which will connect with the remaining k — 2a 
fields (p. There is [N — k + An — m)\/{N — k + An — m — {k — 2a))\ such configurations 
and then P/v-fc+4n-m-(fc-2a) ways to connect the remaining x together. Putting 
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all this together, we therefore get 

n m k/2 / 



G^""^ = E E E E ( ^-irCnC'^ Pr'(^"4cr (81) 



n>0m=0fc=0a=0 \ 

{N -k + An- m)! 



{N -2k + An-m + 2a)\ 

N-2k+in-m+2a / j, \ k — 2a 



PN-2k+4n-m+2aP2a 



with 



P. 



N-2k+4n-m+2a / i \ K — Za / , , \ ( 

X (G^x) -2 (^GX<^(0)j (G'^<^(0,0)j 



(x — 1)(2; — 3) • • • 3 = if X is even, x = 2n > 0, 

1 ' ifx = 0, (82) 

otherwise. 



We therefore notice that in the previous expression (|8ip of the Green's function, 
N + m needs to be even. 

Expressing the bulk-bulk and bulk-brane propagator as 

G'^'^(0,0) = D-X^D^G^^, 

we get 

n m k/2 



n>0m=0fc=0a=0 7=0 

X (-1) {-^) C, _ + 4n - m + 2^)! ' 

^ V ' 

=F{a) 

Notice that the coefficient a does not affect the couplings, and so the summa- 
tion over a can be performed without affecting the order of the diagram 

k/2 a k/2 k/2 k/2 

E E ^(«) = E E ^(«) = E(-^)'-' \i(fc-2^v ^^-+^-+^-^ • ^''^ 

a=0 7=0 7=0 a=7 7=0 ^'^ 

We now change the summation variables to {n,m,k,^) — > (X, y, ^,7), with 

X = m — 2^ , Y = n — m + 'J , and I = k — 2j (85) 
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so that the Green's function can be expressed as 

\X+Y 




X>OY>Q 



X\Y\ " ^''•"•^^"'"''^ (G'^'^j^ 



xxa(^+3X+4y) 



X E E C^^C^^S!— A'A:,+^-/?3^-'/?r-^I?'+- , (86) 
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z=o 7=0 / 
Finally, summing over / and 7, we recover the familiar expressions 

G'""^ = E E ^-=^Pn^.x^.y (G-)i(A^+3X+4y) _ ^^^^^^^ _ ^_^.^V 

So the coupling constants A, /^s, (3^, A3 and the free bulk-bulk propagator D come 
in precisely the right combination to be finite. The RG flows of A3, (3^ and (3^ 
indeed ensures that both expressions (^(5^ — iXX^D^ and ^/?4 — ^X^D^ are finite, 

see eqs. (|41|) and (|45|) . Since the renormalization of A, m? and A2 is such that 
the brane propagator G^^ is finite, we can conclude that G^^^ is completely finite 
in the thin brane limit (up to loop diagram divergences which can be renormal- 
ized in the standard way). This argument thus demonstrates that the theory is 
r enormalizable . 
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